Rules for integrands of the form Trig[c + dx]" (aCos[c +dx] + bSin[c+dx])"

1. j(aCos[c+dx] +bsin[c+dx])"dx

1: J(aCos[c+dx] +bSin[c+dx])"dx when a% + b? == @

Reference: Integration by substitution

Basis: If a% + b% == 9, then

(aCos[c+dx] +bSin[c+dx])" = a(acosmdx]gZSiM“dX])nfl Oy (aCos[c+dx] +bSin[c+dx])

Rule: If a2 + b? == 9, then

a(aCos[c+dx] +bSin[c+dx])"
bdn

J(aCos[c+dx] +bsin[c+dx])"dx —

Program code:

Int[(a_.#cos[c_.+d_.xx_]+b_.xsin[c_.+d_.*x_])"n_,x_Symbol] :=
ax (axCos [c+d#x] +bxSin[c+dxx])*n/ (bxdxn) /;
FreeQ[{a,b,c,d,n},x] & EqQ[a”2+b"2,0]



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

2. J(aCos[c+dx] +bSin[c+dx])"dx when a®+b*#@

1. J(aCos[c+dx] +bSin[c+dx])"dx whena?+b>#0 A n>1

-1

1: J(aCos[c+dx] +bSin[c+dx])"dx when a’ +b%>#0 A "Tez*

Reference: G&R 2.557"
Derivation: Integration by substitution
Basis: If % € 7, then

(aCos[z] +bSin[z])" = - (a?+b?- (bCos[z] -aSin[z])?)

%OZ (bCos[z] -aSin[z])
Rule:If a2 +b%2 + 0 A % e 7", then

. n 1 2 2 oy XL .
j(aCos[c+dx] +bsin[c+dx])"dx — —ESubst[I(a +b? - x*) 7 dx, x, bCos[c +dx] —aSln[c+dx]]

Program code:

Int[(a_.#cos[c_.+d_.xx_]+b_.*sin[c_.+d_.+x_])"n_,x_Symbol] :=
-1/d*Subst [Int [ (a”2+b"2-x72)~ ((n-1) /2) ,x] ,X,bxCos [c+dxx] -a*Sin[c+d*X] ] /3
FreeQ[{a,b,c,d},x] && NeQ[a”2+b”2,0] && IGtQ[ (n-1)/2,0]

2: J(aCos[c+dx] +bSin[c+dx])"dx when a’+b%>#0 A %ez An>1

Derivation: Integration by parts with a double-back flip
Rule:If a2 +b%2 + 0 A % ¢ 7 A n>1, then

j(aCos[c+dx] +bSin[c+dx])"dx —



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

(bCos[c+dx] -aSin[c+dx]) (aCos[c+dXx] +bSin[c+dx])"'1 (n-1) (a%+b?)
+

J(aCos[c+dx] +bSin[c+dx])"'2d1x
dn n

Program code:

Int[(a_.xcos[c_.+d_.*x_]+b_.xsin[c_.+d_.*x_])~n_,x_Symbol] :=
- (b*Cos[c+dxx] -a*Sin[c+d#X] ) (axCos [c+dxx] +bxSin[c+d#x] )" (n-1) /(dxn) +
(n-1) « (a*2+b"2) /n*Int [ (axCos [c+d#x] +bxSin[c+dxx]) " (n-2),x]| /;
FreeQ[{a,b,c,d},x] && NeQ[a*2+b"2,0] && Not[IntegerQ[ (n-1)/2]] &% GtQ[n,1]

2. J(aCos[c+dx] +bSin[c+dx])"dx when a®?+b*#@ A ns-1

1

1: J dx when a2 +b%#0
aCos[c+dx] +bSin[c +dx]

Reference: G&R 2.557'

Derivation: Integration by substitution

Basis: If % € Z,then

(aCos[z] +bSin[z])" = - (a?+b?- (bCos[z] -aSin[z])?)

n-1
2

9, (bCos[z] —aSin[z])

Rule: If a2 + b% + 0, then

1 1 1
J. dx — ——Subst[j—dlx, x,bCos[c+dx]—aSin[c+dx]]
aCos[c+dx] +bSin[c+dx] d aZ+b%-x?

Program code:

Int[1/(a_.#cos[c_.+d_.*x_]+b_.*sin[c_.+d_.+x_]),x_Symbol] :=
-1/dSubst [Int[1/ (a"2+b"2-x"2) ,X],X,b*Cos[c+dxx]-axSin[c+d+x]] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2+b”2,0]



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

1

2: j dx when a% +b% # 0
(aCos[c+dx] +bSin[c+dx])2

Reference: G&R 2.557.5b'
Rule: If a2 + b% + 0, then

1 Sin[c +dx]
j dx —
(acos[c+dx] +bSin[c+dx])? ad (aCos[c+dx] +bSin[c+dx])

Program code:

Int[1/(a_.+cos[c_.+d_.+x_]+b_.*sin[c_.+d_.*x_])"2,x_Symbol] :=
Sin [c+d*x]/(a*d* (a*Cos [c+dxXx] +b*xSin[c+dxX] ) ) /5
FreeQ[{a,b,c,d},x] && NeQ[a”2+b"2,0]

3: J-(aCos[c+dx] +bSin[c+dx])"dx when a?+b*#@ A n<-1 A ng-2

Derivation: Integration by parts with a double-back flip
Rule:If a2 +b%?+0 A n< -1 A n+ -2,then

J(aCos[c+dx] +bsin[c+dx])"dx —

n+l

(bCos[c+dx] -aSin[c+dx]) (aCos[c+dx] +bSin[c+dx]) n+2 -
+ J(aCos[c+dx]+bSin[c+dx]) £ dax
d(n+1) (a2+b2) (n+1) (a2+b2)

Program code:

Int[(a_.#cos[c_.+d_.xx_]+b_.*sin[c_.+d_.*x_])"n_,x_Symbol] :=
(b*Cos [c+dxXx] -a*Sin[c+d*X] ) * (a*Cos [c+dxXx] +b*Sin[c+dx*X] ) A (n+1)/(d* (n+1) » (a”2+b"2)) +
(n+2) / ((n+1) * (a~2+b~2) ) Int [ (axCos [c+dxx] +b*Sin[c+dxx]) " (n+2) ,x] /;
FreeQ[{a,b,c,d},x] &% NeQ[a”2+b”2,0] && LtQ[n,-1] && NeQ[n,-2]



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

3. J(aCos[c+dx] +bSin[c+dx])"dx whena?+b*#@ A ~ (n21V ns-1)

1: J(aCos[c+dx] +bSin[c+dx])"dx when - (n21 Vv ns-1) A a’+b*>0

Derivation: Algebraic simplification

Basis: If a2 + b2 # ©,thenaCos[z] +bSin[z] = +/a?+ b? Cos[z - ArcTan[a, b]]
Rule:If ~ (n=1 Vv n<-1) A a?+b?>0,then

j(aCos[c+dx] +bsin[c+dx])"dx — (a2+b2)"/2j(Cos[c+dx-Ar‘cTan[a, b]1)"dx

Program code:

Int[(a_.xcos[c_.+d_.*x_]+b_.xsin[c_.+d_.*x_])~n_,x_Symbol] :=
(a”2+b”2)~(n/2) *Int[ (Cos [c+d*x-ArcTan[a,b]])*n,x] /;
FreeQ[{a,b,c,d,n},x] && Not[GeQ[n,1] || LeQ[n,-1]] && GtQ[a*2+b"2,0]

2: J(aCos[c+dx] +bSin[c+dx])"dx when - (n21 Vv ns-1) A - (a’>+b?20)

Derivation: Piecewise constant extraction and algebraic simplification

Basis: Oy (aCos[c+dx]+bSin[c+dx])"

n
aCos[c+dx]+bSin[c+d x] ]

H. 2 2 aCos[z]+bSin[z] __
Basis: If a< + b* # 0, then N == Cos[z - ArcTan[a, b]]

Rule:If ~ (n21 v ns<-1) A - (a®+b?=0),then

) . (aCos[c+dx] +bsSin[c+dx])" ~(aCos[c+dx] +bSin[c+dx])\"
(aCos[c+dx] +bSin[c+dx])"dx — J

Va2 +b?

n
[ acCos[c+dx]+bSin[c+d x] ]

dx



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

(aCos[c+dx] +bSin[c+dx])"

— ) J(Cos[c+dx—ArcTan[a, b1]1)" dx
n
aCos[c+d x]+bSin[c+d x] ]

Program code:

Int[(a_.xcos[c_.+d_.*x_]+b_.xsin[c_.+d_.*x_])~n_,x_Symbol] :=
(axCos[c+d»x] +b*Sin[c+d#x]) "n/( (axCos [c+d#x] +bxSin[c+dxx] )/Sqrt [a*2+b”2]) ~nxInt[Cos [c+dxx-ArcTan[a,b] ] n,x] /;
FreeQ[{a,b,c,d,n},x] && Not[GeQ[n,1] || LeQ[n,-1]] && Not[GtQ[a”2+b”2,0] || EqQ[a”~2+b"2,0]]

2. -J-Sin[c+dx]’" (aCos[c+dx] +bSin[c+dx])"dx

dx whennez

; J~(aCos[c+dx] +bsSin[c+dx])"

Sin[c+dx]"

dx whennezZ A a2+b%?==0

. J(aCos[c+dx] +bsin[c+dx])"

Sin[c +dx]"

dx whena?+b%?=0 A n>1

] J-(aCos[c+dx] +bSin[c+dx])"

Sin[c+dx]"

Note: Compare this with the rule for integrands of the form (a+bcotic+dx1)"whena? + b2 =0 A n > 1.

Rule: If a2 + b%2==0 A n > 1, then

dx — - dx

(aCos[c+dx] +bSin[c+dx])" a(aCos[c+dx]+bSin[c+dx])"'1 . (aCos[c+dx]+bSin[c+dx])"'1
+2
J Sin[c+dx]" d(n-1) Sin[c+dx]"? j

Sin[c+dx]"?

Program code:

Int[sin[c_.+d_.*x_]"m_x(a_.*cos[c_.+d_.*x_]+b_.*sin[c_.+d_.*x_])"n_,x_Symbol]| :=
-ax (axCos [c+d»x] +bxSin[c+d+x] )~ (n-1) /(d* (n-1) xSin[c+d*x]~(n-1)) +
2+bxInt [ (axCos[c+dxx] +bxSin[c+dxx])~(n-1) /Sin[c+d*x]*(n-1),X] /;
FreeQ[{a,b,c,d},x] &% EqQ[m+n,0] && EgqQ[a~2+b”2,0] && GtQ[n,1]



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

Int[cos[c_.+d_.*x_]"m_x(a_.*cos[c_.+d_.*x_]+b_.*sin[c_.+d_.*x_])"n_,x_Symbol] :=
b*(a*Cos[c+d*x]+b*Sin[c+d*x])A(n—l)/(d*(n—l)*Cos[c+d*x]A(n—1)) +
2xaxInt [ (axCos[c+dxx] +bxSin[c+dxx])~(n-1) /Cos [c+d*x]~ (n-1),X] /;

FreeQ[{a,b,c,d},x] &% EqQ[m+n,0] && EgqQ[a~2+b”2,0] && GtQ[n,1]

X (aCos[c+dx] +bSin[c+dx])"
J Sin[c+dx]"

Note: Compare this with the rule for integrands of the form (a+bcotic+dx1)"whena? + b2 == @ A n < 0.

dx whena?+b%?=2=0 A n<0

Rule: If a2 + b%> == @ A n < @, then

(aCos[c+dx] +bSin[c+dx])" a(aCos[c+dx] +bSin[c+dx])" 1
J. dx — . —
Sin[c+dx]" 2bdnSin[c+dx]" 2b Sin[c +dx]"?

(acos[c+dx] +bSin[c+dx])""
dx

Program code:

Int[sin[c_.+d_.*x_]"m_.*(a_.*cos[c_.+d_.#x_]+b_.#sin[c_.+d_.*x_])"n_,x_Symbol] :
ax (a*Cos[c+d*X]+b*Sin[c+d*X])"n/(Z*b*d*n*Sin[C+d*X]"n) +
1/ (2+b) #Int[ (axCos [c+d#x] +b*Sin[c+dxx] )~ (n+1) /Sin[c+d*x]~ (n+1),x] /;
FreeQ[{a,b,c,d},x] && EqQ[m+n,0] && EgqQ[a~2+b”2,0] && LtQ[n,0]

Int[cos[c_.+d_.#x_]"m_.*(a_.*cos[c_.+d_.*x_]+b_.#sin[c_.+d_.xx_])"n_,x_Symbol] :
-b* (a*Cos[c+d*x] +b*Sin[c+d*x])"n/(z*a*d*n*Cos[c+d*x]"n) +
1/ (2+a) +Int[ (axCos [c+d#x] +b+Sin[c+dxx] )~ (n+1) /Cos [c+d+x]~ (n+1),Xx] /;
FreeQ[{a,b,c,d},x] &% EqQ[m+n,0] && EqQ[a~2+b”2,0] && LtQ[n,0]



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

dx when a2+b2=0 A n¢z

3 J«(aCos[c+dx] +bSin[c+dx])"

Sin[c +dx]"

Rule: If a2 + b%2==0 A n ¢ Z,then

(aCos[c+dx] +bSin[c+dx])" a(aCos[c+dx] +bSin[c+dx])"
J. dx — Hyper‘geometricZFl[l, n, n+1,

b+aCot[c+dx]]
Sin[c+dx]" 2bdnSin[c+dx]"

2b

Program code:

Int[sin[c_.+d_.*x_]"m_.*(a_.*cos[c_.+d_.#x_]+b_.#sin[c_.+d_.*x_])"n_,x_Symbol] :=
ax (axCos [c+d#x] +b*Sin[c+dxx])~n/(2xbxdxn+Sin[c+dx]~n) xHypergeometric2F1[1,n,n+1, (b+axCot [c+dxx])/ (2xb)] /;
FreeQ[{a,b,c,d,n},x] & & EqQ[m+n,0] && EqQ[a”2+b”"2,0] && Not[IntegerQ[n]]

Int[cos[c_.+d_.*x_]"m_.*(a_.*cos[c_.+d_.#x_]+b_.#sin[c_.+d_.*x_])"n_,x_Symbol] :=
-b* (a*Cos [c+d*x] +bxSin[c+dxX] ) "n/(z*a*d*n*Cos [c+dxXx]~n) xHypergeometric2F1[1,n,n+1, (a+bxTan[c+dxx]) / (2%xa)] /;
FreeQ[{a,b,c,d,n},x] & & EqQ[m+n,0] &% EqQ[a”2+b”"2,0] && Not[IntegerQ[n]]



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

dx whennez A a2+b%2#0

" (aCos[c+dx] +bSin[c+dx])"
. J Sin[c +dx]"
Derivation: Algebraic simplification

Basis; aCosizisbsinizl ., | 5 Cot[z]
Sin[z]

Rule:If nezZ A a%+b? £ 0, then

(aCos[c+dx] +bSin[c+dx])"
j dlx—»J-(b+aCot[c+dx])"dlx
Sin[c+dx]"

Program code:

Int[sin[c_.+d_.+x_]"m_x(a_.xcos[c_.+d_.*x_]+b_.xsin[c_.+d_.*x_])~n_.,x_Symbol] :
Int[ (b+axCot[c+d*x])”*n,x] /;
FreeQ[{a,b,c,d},x] &% EqQ[m+n,0] && IntegerQ[n] && NeQ[a”2+b"2,0]

Int[cos[c_.+d_.*x_]"m_x(a_.xcos[c_.+d_.*x_]+b_.xsin[c_.+d_.*x_])"n_.,x_Symbol] :
Int[ (a+bxTan[c+d*x])”*n,x] /;
FreeQ[{a,b,c,d},x] &% EqQ[m+n,0@] && IntegerQ[n] && NeQ[a”2+b"2,0]

m+n

2: JSin[c+dx]"‘ (aCos[c+dx] +bSin[c+dx])"dx whennez A ez

Derivation: Integration by substitution

Basis: If n e Z,then sin[c+dx]" (aCos[c+dx] +bSin[c+dx])" = Sin[c+dx]™" {arbTanferdx]) T

Tan[c+d x]"

Tce m+n . n m n
Basis: If , € Z,then sinfc +dxj™n 1—‘—“—3*:“[“ ‘d"d]’: = (11— Tan[c+d X" (a+bTan[c+dx1)” 5 Tan[c + d X]
an[c+d x

(1+Tan[c+d x]Z)T

Rule:lf nez A "‘;“ e Z,then



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

. . N 1 x" (a+bx)"
Sin[c+dx]" (aCos[c+dx] +bSin[c+dx])"dx — ESubst[ ——dx, X, Tan[c+dx]]

(1+x2) 7=

Program code:

Int[sin[c_.+d_.*x_]"m_.*(a_.*cos[c_.+d_.#x_]+b_.#sin[c_.+d_.*x_])"n_,x_Symbol] :=
1/d*Subst [Int [x mx (a+bxXx)~n/ (1+x*2)~ ((m+n+2) /2) ,Xx],X,Tan[c+dxx]] /;

FreeQ[{a,b,c,d},x] && IntegerQ[n] && IntegerQ[ (m+n)/2] && NeQ[n,-1] && Not[GtQ[n,0] && GtQ[m,1]]

Int[cos[c_.+d_.#x_]"m_.*(a_.*cos[c_.+d_.xx_]+b_.«sin[c_.+d_.*x_])"n_,x_Symbol] :=

-1/d%Subst [Int [x*mx (b+axx)*n/ (1+x*2) " ((m+n+2) /2) ,x],X,Cot[c+d*xx]] /;
FreeQ[{a,b,c,d},x] && IntegerQ[n] && IntegerQ[ (m+n) /2] && NeQ[n,-1] &% Not[GtQ[n,0] && GtQ[m,1]]

3: jsin[c+dx]” (aCos[c+dx] +bSin[c+dx])"dx whenmezZ A nez*

Derivation: Algebraic expansion

Rule:lf me z A n ez, then

JSin[c+dx]"‘ (aCos[c+dx] +bSin[c+dx])"dx — JExpandTr‘ig[Sin[c+dx]"‘ (aCos[c+dx] +bSin[c+dx])", x] dx

Program code:

Int[sin[c_.+d_.#x_]"m_.*(a_.#cos[c_.+d_.xx_]+b_.«sin[c_.+d_.*x_])"n_.,x_Symbol] :
Int[ExpandTrig[sin[c+d=x]~m« (axcos[c+dxx]+bxsin[c+d+x]) n,x],x] /;
FreeQ[{a,b,c,d},x] &% IntegerQ[m] && IGtQ[n,0]

Int[cos[c_.+d_.*x_]"m_.*(a_.*cos[c_.+d_.#x_]+b_.*sin[c_.+d_.#x_])"n_.,x_Symbol] :
Int[ExpandTrig[cos[c+d»x]"mx (axcos[c+dxx]+bxsin[c+d+x]) n,x],x] /;
FreeQ[{a,b,c,d},x] &% IntegerQ[m] && IGtQ[n,0]

10



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

4: JSin[c+dx]"‘ (aCos[c+dx] +bSin[c+dx])"dx when a®+b*==0 A nez"

Derivation: Algebraic simplification
Basis: If a2 + b2 == 9,thenaCos[z] +bSin[z] ==ab (bCos[z] +aSin[z])?
Rule: If a2 +b%2 =20 A n ez ,then

Jsin[c+dx]'" (aCos[c+dx] +bSin[c+dx])"dx — a"b"JSin[c+dx]m (bCos[c+dx] +asSin[c+dx])™"dx

Program code:

Int[sin[c_.+d_.*x_]"m_.*(a_.*cos[c_.+d_.#x_]+b_.#sin[c_.+d_.*x_])"n_,x_Symbol] :
a’nxb nxInt[Sin[c+d#x] "mx (bxCos [c+d#x]+axSin[c+dxx] )" (-n),x] /;
FreeQ[{a,b,c,d,m},x] & EqQ[a”~2+b”2,0] && ILtQ[n,0]

Int[cos[c_.+d_.*x_]"m_.*(a_.*cos[c_.+d_.#x_]+b_.#sin[c_.+d_.*x_])"n_,x_Symbol] :
a*nxb nxInt[Cos [c+d+x]"mx (bxCos [c+d#x]+axSin[c+dxx] )" (-n),x] /;
FreeQ[{a,b,c,d,m},x] && EqQ[a*2+b”2,0] && ILtQ[n,0]

11



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

5. Jsin[c+dx]’“ (acos[c+dx] +bSin[c+dx])"dx when a®+b*#0
1. |Sin[c+dx]™ (aCos[c+dx] +bSin[c+dx])"dx when a®?+b*>#@ A n>0
2. |sin[c+dx]" (aCos[c+dx] +bSin[c+dx])"dx whena’+b?#8 A n>1
1. JSin[c+dx]’" (aCos[c+dx] +bSin[c+dx])"dx when a’?+b*#@ An>1 Am>0

2. jSin[c+dx]m (aCos[c+dx] +bSin[c+dx])"dx whena?+b>#@ An>1 Am<@

(aCos[c+dx] +bSin[c+dx])"
1:J dx when a?+b2#0 An>1

Sin[c +dx]

Derivation: Algebraic expansion and power rule for integration

2

Basis: “COHSSE’;“””Z =a (bCos[z] ~asSin[z]) +b (aCos[z] +bSin[z]) + ;7

Rule:If a2 +b%? +0 A n< -1, then

dx —

(aCos[c+dx] +bSin[c+dx])"
J Sin[c +dx]

a (aCos[c+dx] +bS:'Ln[c+dx])"':l (aCos[c+dx] +bSin[c+dx])"'2

+bj(aCos[c+dx] +bSin[c+dx])"'1d1x+a2J

d(n-1) Sin[c +dx]

Program code:

Int[(a_.*cos[c_.+d_.#x_]+b_.#sin[c_.+d_.*x_])"n_/sin[c_.+d_.*x_],x_Symbol] :=
ax (a*Cos [c+dxXx] +b*Sin[c+d*X] ) A (n-1)/(d* (n-1)) +
bxInt[ (axCos[c+d#x]+bxSin[c+dxx])"(n-1),x] +
a”2x+Int [ (axCos[c+d+x] +bxSin[c+d+x] )~ (n-2) /Sin[c+dxx],x] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2+b"2,0] && LtQ[n,-1]

dx

12



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

Int[(a_.#cos[c_.+d_.*x_]+b_.*sin[c_.+d_.+x_])"n_/cos[c_.+d_.*x_],x_Symbol] :=
-b* (a*Cos [c+dxXx] +b*Sin[c+d*X] ) 2 (n—1)/(d* (n-1)) +
axInt[ (axCos[c+d#x]+bxSin[c+d»x])"(n-1),x] +
br2+Int[ (axCos [c+dxx] +bxSin[c+dxx])* (n-2) /Cos[c+d*x],X] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2+b"2,0] && LtQ[n,-1]

2: Jsin[c+dx]’" (aCos[c+dx] +bSin[c+dx])"dx whena?+b>#@ An>1 A m<-1

Derivation: Algebraic expansion
Basis: (aCos[z] +bSin[z])? == - (a2+b2) Sin[z]?+2bSin[z] (aCos[z] +bSin[z]) + a2
Rule:If a2 +b2+0 A n>1 A m< -1,then

jsin[c+dx]m(aCos[c+dx]+bSin[c+dx])"dlx—»

_(a2+b2) J-Sin[c+dx]’"+2 (aCos[c+dx] +bSin[c+dx])"'2d1x+

2bJSin[c+dx]’"+1 (aCos[c+dx] +bSin[c+dx])"’1dx+a2JSin[c+dx]'“ (aCos[c+dx] +bSin[c+dx])"’2d1x

Program code:

Int[sin[c_.+d_.*x_]"m_x(a_.*cos[c_.+d_.*x_]+b_.xsin[c_.+d_.*x_])"n_,x_Symbol] :
- (8"2+b"2) »Int[Sin[c+d#Xx] " (M+2) » (axCos [c+dxX] +b*Sin[c+dxx] )~ (n-2) ,x] +
2xb+Int[Sin[c+d*x]” (m+1) * (axCos [c+d#x]+bxSin[c+dxx] )~ (n-1),x] +
ar2xInt[Sin[c+d#x]mx (axCos [c+d#x] +bxSin[c+d*x]) " (n-2),x] /;

FreeQ[{a,b,c,d},x] && NeQ[a”2+b”2,0] && GtQ[n,1] && LtQ[m,-1]

Int[cos[c_.+d_.*x_]"m_x(a_.*cos[c_.+d_.*x_]+b_.xsin[c_.+d_.*x_])"n_,x_Symbol] :
- (a”2+b"2) xInt[Cos [c+d#Xx]~ (m+2) # (axCos [c+d»x] +bxSin[c+d#x]) " (n-2) ,x] +
2xaxInt [Cos[c+d*x]"(m+1)*(a*Cos[c+d*x]+b*Sin[c+d*x])"(n-1),x] +
br2xInt[Cos [c+dxx]*mx (axCos [c+d#Xx] +bxSin[c+dxx] )" (n-2),x] /;

FreeQ[{a,b,c,d},x] && NeQ[a”2+b"2,0] && GtQ[n,1] && LtQ[m,-1]

13



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

2. |sin[c+dx]" (aCos[c+dx] +bSin[c+dx])"dx when a®>+b*>#@ A n<@

Sin[c+dx]"
1. J dx when a2 +b%#0
aCos[c+dx] +bSin[c +dx]

Sin[c+dx]"
1.J dx when a2 +b?#0 A m>0
aCos[c+dx] +bSin[c +dx]

Sin[c +dx]
1: j dx when a% + b2 #0
aCos[c+dx] +bSin[c+dx]

Derivation: Algebraic expansion

Basis: Sin[z] . _b a (bCos[z]-aSin[z])
" aCos[z]+bSin[z] a2+b? (a?+b?) (aCos[z]+bSin[z])

Rule: If a2 + b? # 0, then

dx — -

Sin[c +dx] b x a bCos[c+dx]—aSin[c+dx]dl
X
JaCos[c+dx]+bSin[c+dx] a?+b? a2+b2j

aCos[c+dx] +bSin[c +dx]

Program code:

Int[sin[c_.+d_.#x_]/(a_.*cos[c_.+d_.#x_]+b_.xsin[c_.+d_.*x_]),x_Symbol] :=

bxx/ (a*2+b”*2) -

a/ (a"2+b"2) xInt [ (b#Cos [c+dxx] -axSin[c+d#x] )/ (axCos [c+dxx] +b+Sin[c+dx] ) x| /3
FreeQ[{a,b,c,d},x] && NeQ[a”2+b”"2,0]

Int[cos[c_.+d_.#x_]/(a_.*cos[c_.+d_.#x_]+b_.xsin[c_.+d_.*x_]),x_Symbol] :=

axx/ (a*2+b”2) +

b/ (a"2+b*2) »Int [ (bxCos [c+dxx]-a*Sin[c+dxX] )/ (axCos [c+d#x] +b+Sin[c+dx] ) x| /3
FreeQ[{a,b,c,d},x] && NeQ[a”2+b"2,0]



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

Sin[c+dx]™
Z:J dx when a2 +b%2#0 A m>1
aCos[c+dx] +bSin[c+dx]

Derivation: Algebraic expansion and power rule for integration

2

. 3 2 .
Basis: Sinfz]” __ _aCos[z] , bsSin[z] a
aCos[z]+bSin[z] a2+b? a2+b? (a2+b?) (aCos[z]+bSin[z])

Rule:If a2 +b%? £0 A m > 1, then

Sin[c+dx]™ aSin[c+dx]™? b . .
J dx — - + JSln[c+dx]’"‘ dx +
aCos[c+dx] +bSin[c+dXx] d (a?+b?) (m-1) a?+b?

Program code:

Int[sin[c_.+d_.#x_]"m_/(a_.xcos[c_.+d_.*x_]+b_.xsin[c_.+d_.*x_]),x_Symbol] :
-a*Sin [c+d*x]"(m—1)/(d* (a*2+b”2) * (m-1)) +
b/ (a”2+b2) xInt [Sin[c+d»x] " (m-1),x]| +
a*2/(a*2+b"2) +Int [Sin[c+d*x]" (m—2)/(a*Cos [c+d#x]+bxSin[c+dxx]),x] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2+b”2,0] && GtQ[m,1]

Int[cos[c_.+d_.+x_]"m_/(a_.xcos[c_.+d_.*x_]+b_.xsin[c_.+d_.*x_]),x_Symbol] :
bxCos [c+dxx]~ (m-1) / (dx (a*2+b"2) % (m-1)) +
a/ (a”2+b”2) *Int[Cos [c+d»Xx] ™ (m-1) ,x] +
b2/ (a*2+b"2) xInt[Cos [c+d#x]~ (m-2) / (axCos [c+d»x] +bxSin[c+dxx]),Xx] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2+b”2,0] && GtQ[m,1]

aZ

Sin[c +dx]™?2

a% + b?

J

aCos[c+dx] +bSin[c +dx]

dx
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Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

Sin[c+dx]"
Z.J dx when a% +b*>#0 A m<@
aCos[c+dx] +bSin[c +dXx]

1

1: J dx when a2 + b? # @
Sin[c+dx] (aCos[c+dx] +bSin[c+dx])

Derivation: Algebraic expansion

Basis: 1 __ Cot[z] _ _bCos[z]-aSin[z]
*Sin[z] (aCos[z]+bSin[z]) a a (aCos[z]+bSin[z])

Rule: If a2 + b? # 0, then

1

1
J. dx — —JCot[c+dx]d]x—
Sin[c+dx] (aCos[c+dx] +bSin[c+dx]) a

Program code:

Int [1/(Sin [c_.+d_.*x_]=* (a_.*cos [c_.+d_.*x_]+b_.*sin[c_.+d_.*x_] ) ) ,x_Symbol] g
1/a*Int[Cot[c+d*x],Xx] -
1/axInt[ (bxCos[c+d«x]-axSin[c+dxx])/(a*Cos[c+d«x]+bxSin[c+d*x]),x] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2+b"2,0]

Int[1/(cos[c_.+d_.*x_]*(a_.*cos[c_.+d_.*x_]+b_.#sin[c_.+d_.*x_])),x_Symbol] :
1/bxInt[Tan[c+d*x],Xx] +
1/bxInt [ (bxCos[c+dsx]-axSin[c+dxx])/(a*Cos[c+d«x]+bxSin[c+dxx]),x] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2+b"2,0]

1

a

J

bCos[c+dx] -aSin[c +dx]

aCos[c+dx] +bSin[c +dx]

dx
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Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

Sin[c+dx]™
Z:J dx when a2 +b2#0 A m< -1

aCos[c+dx] +bSin[c+dXx]

Derivation: Algebraic expansion and power rule for integration

i i a2+b?) Sinfz]?
Basis: 1 __ Cos[z] _ bSin[z] ( ) Sin[z]

aCos[z]+bSin[z] a a2 a? (aCos[z]+bsSin[z])

Rule:If a2 +b%? +0 A m< -1, then

J~ Sin[c+dx]™ Sin[c +dx]™?

aCos[c+dx] +bSin[c +dx] ad (m+1)

Program code:

Int[sin[c_.+d_.+x_]"m_/(a_.xcos[c_.+d_.*x_]+b_.xsin[c_.+d_.*x_]),x_Symbol] :
Sin[c+dxx]~ (m+1) /(axdx (m+1)) -
b/ar2x+Int[Sin[c+dxx] " (m+1) ,x] +
(a”2+b"2) /a”2+Int [Sin[c+dxx] " (m+2) /(axCos [c+d#x] +bxSin[c+d*x]),x] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2+b”2,0] && LtQ[m,-1]

Int[cos[c_.+d_.+x_]"m_/(a_.xcos[c_.+d_.*x_]+b_.xsin[c_.+d_.*x_]),x_Symbol] :
-Cos[c+d*x]” (m+1) / (bxd* (m+1)) -
a/b*2xInt[Cos[c+d*Xx]” (m+1) ,X] +
(a”2+b"2) /b 2+Int [Cos [c+dxx] " (m+2) /(axCos [c+d#x] +bxSin[c+dxx]),x] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2+b”"2,0] && LtQ[m,-1]

b
dx — ——M8M——— —ZJSin[c+dx]"‘+1d1x+
a

a? + b?

Sin[c +dx]™?

a

2

/

aCos[c+dx] +bSin[c+dx]

dx
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Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

2. |sin[c+dx]" (aCos[c+dx] +bSin[c+dx])"dx when a®+b?#8 A n<-1
1. Jsin[c+dx]m (aCos[c+dx] +bSin[c+dx])"dx whena?+b>#@ A n<-1Am>0

2. J-Sin[c+dx]’" (aCos[c+dx] +bSin[c+dx])"dx whena?+b>#@ A n<-1Am<@

dx when a2 +b%2#0 A n<-1

; J~(aCos[c+dx] +bSin[c+dx])"

Sin[c +dx]

Derivation: Algebraic expansion and power rule for integration

1 _(bCos[z]-aSin[z]) b (aCos[z]+bSin[z]) " (aCos[z]+bSin[z])?

Sin[z] a a? a?sin[z]

Basis:

Rule: If a2 + b2 +0 A n < -1,then

(aCos[c+dx] +bSin[c+dx])"
J~ dx —
Sin[c +dx]
(aCos[c+dx] +bSin[c+dx] b - 1 (aCos[c+dx]+bSin[c+dx])n+2
- ——J(aCos[c+dx]+bSin[c+dx])*dlx+—J dx
ad (n+1) a2 a2 Sin[c +dx]

) n+l

Program code:

Int[(a_.#cos[c_.+d_.*x_]+b_.«sin[c_.+d_.+x_])"n_/sin[c_.+d_.#x_],x_Symbol] :
- (axCos [c+d*x] +bxSin[c+d+x] )~ (n+1) / (a%d* (n+1)) -
b/a"Z*Int[(a*Cos[c+d*x]+b*Sin[c+d*x])"(n+1),x] +
1/a*2+Int[ (axCos [c+d*x] +bxSin[c+dxx] )~ (n+2) /Sin[c+d+x],Xx] /;

FreeQ[{a,b,c,d},x] && NeQ[a”2+b"2,0] && LtQ[n,-1]

Int[(a_.*cos[c_.+d_.#x_]+b_.#sin[c_.+d_.*x_])"n_/cos[c_.+d_.*x_],x_Symbol] :
(a*Cos [c+dxXx] +b*Sin[c+dxX] ) A (n+1)/(b*d* (n+1)) -
a/b"Z*Int[(a*Cos[c+d*x] +b*Sin[c+d*X])"(n+1),X] +
1/b*2+Int[ (axCos [c+dxx] +bsSin[c+dxx] )~ (n+2) /Cos[c+d+x],X] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2+b”2,0] && LtQ[n,-1]



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n 19

2: JSin[c+dx]"‘ (aCos[c+dx] +bSin[c+dx])"dx whena?+b*#@ A n<-1 Am<-1

Derivation: Algebraic expansion

. aZ+b?) Sin[z]? : . . 2
Basis: 1 — L2 >a2 [2]°  2bsin[z] <aCz§(21+b51mzH . (aCOS[Z]JarESln(ZH

Rule:If a2 +b>+0© A n< -1 A m< -1,then

fsin[c+dx]m (aCos[c+dx] +bSin[c+dx])"dx —

a? + b?

Jsin[c+dx]“”2 (aCos[c+dx] +bSin[c+dx])"dx-
a

2 . m+1 . n+l i . m . n+2
- |Sinlc+dx] (aCos[c+dx] +bSin[c+dx])"" dx+ > | sin[c+dx] (aCos[c+dx] +bSin[c+dx])"*dx
a a

Program code:

Int[sin[c_.+d_.*x_]"m_x(a_.*cos[c_.+d_.*x_]+b_.*sin[c_.+d_.*x_])"n_,x_Symbol] :=
(a”2+b"2) /a”2+Int [Sin[c+dxx] " (m+2) » (axCos [c+d#x] +bxSin[c+d»x]) n,x] -
Z*b/a"z*Int[Sin[c+d*x]"(m+1)*(a*Cos[c+d*x]+b*Sin[c+d*x])"(n+1),x] +
1/a~2xInt[Sin[c+d#x]"mx (axCos [c+d#x] +bxSin[c+dxx] )" (n+2),x]| /;

FreeQ[{a,b,c,d},x] && NeQ[a”2+b"2,0] && LtQ[n,-1] &&% LtQ[m,-1]

Int[cos[c_.+d_.*x_]"m_x(a_.#cos[c_.+d_.*x_]+b_.*sin[c_.+d_.*x_])"n_,x_Symbol]| :=
(a*2+b”2) /b~2xInt [COS [c+d*Xx] ™ (M+2) * (a*Cos [c+dxXx] +b*Sin[c+d*X] )"n,x] -
2xa/b”2xInt [COS [c+d*x] ™ (m+1) * (a*COS [c+d%Xx] +b*Sin[c+d*X] ) A (n+1) ,X] +
1/b"2+Int[Cos [c+dxx] "m# (axCos [c+dxx] +bxSin[c+d*x] )" (n+2),x] /;

FreeQ[{a,b,c,d},x] && NeQ[a”2+b"2,0] && LtQ[n,-1] && LtQ[m,-1]



Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

3. |Cos[c+dx]"Sin[c+dx]" (aCos[c+dx] +bSin[c+dx])"dx
1. |Cos[c+dx]"Sin[c+dx]" (aCos[c+dx] +bSin[c+dx])”dx whenp>@

1: |[Cos[c+dx]"Sin[c+dx]" (aCos[c+dx] +bSin[c+dx])"dx whenpez*

Derivation: Algebraic expansion

Rule: If p € Z7, then
JCos[c+dx]'“Sin[c+dx]" (aCos[c+dx] +bSin[c+dx])"dx —

jExpandTr‘ig[Cos[c+dx]'“Sin[c+dx]“ (acCos[c+dx] +bSin[c+dx])®, x] dx

Program code:

Int[cos[c_.+d_.*x_]"m_.#sin[c_.+d_.*x_]"n_.(a_.xcos[c_.+d_.*x_]+b_.xsin[c_.+d_.*x_])"p_.,x_Symbol] :=
Int [ExpandTrig [cos [c+d*Xx] mxsin[c+d*xXx] n* (a*cos [c+d*Xx] +bxsin[c+d*X] ) "p,x] ,x] /5
FreeQ[{a,b,c,d,m,n},x] && IGtQ[p,0]
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Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

2. JCos[c+dx]’“Sin[c+dx]“ (aCos[c+dx] +bSin[c+dx])”dx whenp<@

1: |[Cos[c+dx]"Sin[c+dx]" (aCos[c+dx] +bSin[c+dx])?dx when a®+b?=0 A pez"

Derivation: Algebraic simplification
Basis: If a2 + b2 == 9,thena Cos[z] +bSin[z] ==ab (bCos[z] +aSin[z])?
Rule:If a2 + b%2 =0 A p € Z7, then

JCos[c+dx]mSin[c+dx]" (acosfc+dx] +bsin[c+dx])?ax —

a'f’b'f’jCos[c+dx]"‘Sin[c+dx]n (bCos[c+dx] +aSin[c+dx])'Pd1x

Program code:

Int[cos[c_.+d_.#x_]"m_.#sin[c_.+d_.*x_]"n_.*(a_.xcos[c_.+d_.*x_]+b_.*sin[c_.+d_.*x_])" p_,x_Symbol] :=
arpxb pxInt[Cos [c+d+x]*mxSin[c+d#x]"n (bxCos [c+d+x]+axSin[c+dxx] )" (-p),x] /;
FreeQ[{a,b,c,d,m,n},x] &% EqQ[a”2+b"2,0] && ILtQ[p,0]

Cos[c+dx]™Sin[c +dx]"
Z.J. dx

aCos[c+dx] +bSin[c+dx]

dx when a2 +b*#0 A meZ*A nez*

1: J Cos[c+dx]™Sin[c+dx]"

aCos[c+dx] +bSin[c +dx]

Derivation: Algebraic expansion

Basis: Cos[z] Sin[z] : bCos[z] i aSin[z] ab
"aCos[z]+bSin[z] aZ+b? a%+b? (a%+b?) (aCos[z]+bSin[z])

Rule:If a2 +b%?+@ AmeZ* A nez*, then

Cos[c+dx]™"Sin[c+dx]"
J dx —

aCos[c+dx] +bSin[c+dx]
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Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

ab Cos[c+dx]™Sin[c +dx]"?
a2 +b? JaCos[c+dx] +bSin[c+dx]

- jCos[c+dx]'“‘1Sin[c+dx]"dlx—

jCos[c+dx]mSin[c+dx]"‘1dlx+
a‘+b

a + b?

Program code:

Int[cos[c_.+d_.#x_]"m_.4sin[c_.+d_.*x_]"n_./(a_.xcos[c_.+d_.*x_]+b_.+sin[c_.+d_.*x_]),x_Symbol] :=

b/ (a"2+b*2) »Int [Cos [c+dxx] *mxSin[c+dxx] " (n-1) ,x]| +

a/ (a*2+b"2) »Int[Cos [c+dxx]~ (m-1) xSin[c+d*x]n,x]| -

axb/ (a*2+b"2) »Int [Cos [c+dxx]” (m-1) xSin[c+d*x]~ (n-1) / (axCos [c+d»x] +bxSin[c+d+x]),x] /;
FreeQ[{a,b,c,d},x] &% NeQ[a”2+b”2,0] && IGtQ[m,0] && IGtQ[n,0]

Cos[c+dx]"Sin[c+dx]"
2: j dx when (m | n) ez
aCos[c+dx] +bSin[c +dx]

Derivation: Algebraic expansion

Rule: If (m | n) € Z,then

Cos[c+dx]™Sin[c +dx]" .
J dx — jExpandTr‘lg[
aCos[c+dx] +bSin[c +dx]

Cos[c+dx]™Sin[c+dx]"
x] dx

aCos[c+dx] +bSin[c +dXx] ’

Program code:

Int [cos [c_.+d_.*x_]"m_.*xsin[c_.+d_.*x_] "n_./(a_. *cos[c_.+d_.xx_]+b_.*sin[c_.+d_.*x_] ) ,x_Symbol] =
Int [ExpandTrig[cos [c+dxx] m«sin[c+dxx]*n/(axcos[c+dxx]+bxsin[c+d#x]),x],x] /;

FreeQ[{a,b,c,d,m,n},x] &% IntegersQ[m,n]

dx
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Rules for integrands of the form trig(c+d x)~m (a cos(c+d x)+b sin(c+d x))~n

3: [Cos[c+dx]"sin[c+dx]" (aCos[c+dx] +bSin[c+dx])"dx when a’+b?#@ AmMeZ*AMEZ* A peZ”

Derivation: Algebraic expansion

Basis: —Cos[z]Sin[z]  __ bCos[z] , aSin[z] ab
(a2+b2) (aCos[z]+bSin(z])

aCos[z]+bSin[z] aZ+b? aZ+b?
Rule:If a2+b%2+@ AmeZ*AmeZ*A peZ,then

JCos[c+dx]mSin[c+dx]" (aCos[c+dx] +bSin[c+dx])"dx —

P— J‘Cos[c+dx]mSin[c+dx]"‘1 (aCos[c+dx] +bSin[c+dx])"*1dlx+
a‘+b

2, h2 jCos[c+dx]m‘1Sin[c+dx]n (aCos[c+dx] +bSin[C+dX])p+1dlx—
a‘+b

ab

a? + b?

J~Cos[c+dx]'“‘lsin[c+dx]“‘1 (aCos[c+dx] +bSin[c+dx])"dx

Program code:

Int[cos[c_.+d_.*x_]"m_.#sin[c_.+d_.*Xx_]"n_.(a_.xcos[c_.+d_.*x_]+b_.xsin[c_.+d_.*x_])"p_,x_Symbol] :=

b/ (a*2+b"2) +Int[Cos [c+d»x] mxSin[c+dxX]~(n-1) » (a*Cos [c+d»x] +bxSin[c+d#x])~ (p+1),Xx] +

a/ (a*2+b2) »Int[Cos [c+dxx]~ (m-1) xSin[c+dxX] *nx (axCos [c+d*X] +b*Sin[c+d*x] )~ (p+1),x] -

axb/ (a"2+b"2) xInt[Cos [c+d#Xx]~ (m-1) *Sin[c+d*X]~ (n-1) » (axCos [c+dxX] +b*Sin[c+dxx])"p,x] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2+b"2,0] && IGtQ[m,0] && IGtQ[n,0] && ILtQ[p,0]
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